Now let X and Y be Hausdorff spaces, and let Z be an arbitrary topological space. Let XX Y be the topological product of X and Y. We shall be concerned with the compact-open topologized spaces Zxxr, Zx, and (ZX)Y. R. H. Fox [2] has related these spaces, taking Zx as compact-open topologized, but not considering topologies on the more complex spaces. Our basic result is the following theorem, which, with its corollary, adds significant conclusions to the results of Fox.
(1.1) Theorem. For fEZXXY, define o(f): Y->ZX by (1.2) vif)(y)(x) = fix, y) xEX,yEY.
Then a is a homeomorphism of ZXXY into iZx)Y.
We defer the proof of (1.1) until § §2 and 3. In the meantime we state and prove a corollary which will be useful in the sequel.
(1.3) Corollary. // either (a) X and Y are both locally separable, or (b) X is regular and locally compact; then a: ZXXY-*iZx)Y is a homeomorphism onto.
According to the theorem, we need only show that a is onto. But by a result of Fox [2], (1.2) (essentially) defines a transformation of (Zx)r into ZXXY if either (a) or (b) holds. From this the required condition is obvious.
2. An important lemma. The following lemma, which is of some interest in itself, is essential to our proof ( §3) of the continuity of a. 3. Proof of (1.1). Fox [2] shows without restriction that for each /, a(f) E(ZX)Y. That a carries ZxxY onto o(ZXXY) in a one-one fashion is obvious. Hence it remains to prove that <r is continuous, and that o--1 is continuous on a(ZXXY).
Since F is a Hausdorff space, and since the sets (K, W), lor K a compact subset of X and W an open subset of Z, form a sub-base for Zx, it follows from (2.1) that the subsets (L, (K, W)) of (ZX)Y form a sub-base for this space, where K runs through the compact subsets of X, L runs through the compact subsets of Y, and W runs through the open subsets of Z. It is plain that a~\L, (K, W)) = (KXL, W). Ii bo is any point, then the same symbol bo will be used to denote both the set whose only member is bo, and any constantly èo-valued function. If B is any space (possibly a function space), and b0£B, then Hm(B, bo) denotes the mth homotopy group of B at base-point b0.
If P0 is a subset of B with b0£Bo, then IIm(P, B0, b0) is the mth relative homotopy group of B relative to B0 at base-point b0 [l] .
If there exists a homomorphism of the group G onto the subgroup • License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use H, which is the identity over H, and whose kernel is N, then G is called a split extension of N by H. Then the structure of G is determined by the structures of TV and H and the commutators [«, A] for nEN, hEH. If H is a normal subgroup, then G is the direct sum N+H[\].
In the following sections, / will denote the closed unit interval, S the circle, 5° will be a pair of points, Sr the r-sphere (r>0), and sT will be a point of Sr (r^O). F° will denote a single point, and TT will be the r-fold topological product of 1-spheres (r>0). 5. Torus homotopy groups. Let F be a topological space, and let yoGFoCF. Define (5.1) r?(Y, Fo, yo) = Um(Y^XI{T'-2 X 0, F0; F-2 X 1, yo}, yo), r = 2, 3, ■ • • ; m = 1, 2, • • • . Fox [l] observed that r)(Y, Yo, yo) is isomorphic to his rth relative torus homotopy group tt(Y, Y0, yo). He proved a structure theorem for his torus homotopy groups rr(Y, y0) [l, 9.3] , using a laborious construction of successive homomorphisms.
This theorem is easily proved by use of (1.3) . Rather than state and prove this published result, we give a (slight generalization of a) corresponding theorem concerning the relative torus groups.
(5.2) Theorem, (i) t™(Y, F0, y0) is isomorphic to nm+i(F, F0, y0). (ii) If t^(Y, Yo, yo) is abelian (in particular, if m>l), then it is isomorphic to the direct sum3 r 22 Cr-i,j-2Tlm+j-i(Y, Fo, y0).
(iii) // r>2, then t™(Y, Yo, yo) is a split extension of a subgroup isomorphic to t™*i(Y, Y0, yo) by a subgroup isomorphic to rj"-i( F, F0,y0).
Proof. Conclusion (i) was noted by Fox. Conclusion (ii) is a simple inductive consequence of the case r = 2 (contained in (i)) and conclusion (iii). Thus, it remains to prove (iii).
It is obvious from (1.3) that there is a homeomorphism of (Note that the elements of the last space are "third order" functions.)
According to S. T. Hu [3] , Hm(Bs, bo) is a split extension of a subgroup isomorphic to IIm+i(P, bo) by a subgroup isomorphic to nm(P, bo). Then since t?(Y, F0, yo) is isomorphic to the rath homotopy group of the space given by (5.3), at base-point y0, we may conclude that r™(Y, F0, y0) is a split extension of a subgroup isomorphic to (5.4) nm+1((F'{0, Fo;l, yo})r'~\ yo) by a subgroup isomorphic to (5.5) nm((F'{0, F0;l, yo})T'~\yo).
Applying (1.3) again, we see that the groups (5.4) and (5.5) are isomorphic to t^i(Y, Y0, yo) and r™i(F, F0, yo), respectively. This completes the proof.
Further applications.
Most known theorems on homotopy groups of function spaces can be combined with (1.3) to yield additional results on homotopy groups, and, often, to get analogous theorems concerning certain relative homotopy groups, torus homotopy groups, and relative torus homotopy groups of function spaces. Using ua¿" to indicate algebraic isomorphism, and G^N'®H' to mean that G is a split extension of a subgroup isomorphic to N' by a subgroup isomorphic to H', we state several interesting results which follow from (1.3) and the theorems of [3] , in much the same way that we obtained (5.2). We include the known results (6.1) and (6.5) for completeness. In (6.2), (6.4), (6.6), and (6.8), the second function space involved is a subspace of the first in the obvious way. (6.7) r.V*, yo) « r7+k(Y, yo) ® r7(Y, y").
